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Joule heating rate need not equal °R, where R is the Ohmic resistance:
The case of voltaic cells

Wayne M. Saslow
Department of Physics, Texas A&M University, College Station, Texas 77843-4242
(Received 8 June 1998

The electrolyte within a charging or discharging voltaic cell, carrying currehias time-dependent carrier
densities. Therefore the energy conservation argument that equates the total rate of Joulé"htedtiegrate
of decrease of electrical energy is inappropriate because it neglects changes in chemical energy. Explicit study
of two systemsthe lead-acid cell and the Zn-Cu gethows that the Joule heating resistaRge= /12 differs
from the Ohmic resistand@=AV/l (AV is the voltage drop across the electro)yf®/R; can be greater than
or less than unityR; involves only the current-carrying ions, whereRsnvolvesall of the ions.
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PACS numbds): 82.70.Dd, 83.80.Gv, 82.45z, 66.10—x

INTRODUCTION straightforward calculation oAV, we now indicate how to
obtain the total rate of Joule heatirfgy which determines
Despite its nearly two hundred year-old history, electro-R;="/12. This may be obtained either directly or by a gen-
chemistry is an area which still yields supriddg. For ex-  eralization of Refs[7—9], which study the rate of heating per
ample, it is usually assumed that even when curteffdws  unit volume of a multicomponent fluid in the absence of
through it, the electrolyte within a voltaic celliscally elec-  electrical effects. We can obtain the desired result from these
troneutral [2,3] However, it was recently predicted that, for works by neglecting convection, assuming uniform tempera-
a well-charged lead-acid cell under slow, steady discharggre, and generalizing the chemical potentiabf theith ion
(i.e., the linear regimethe voltage profile is quadratic in (of chargeez , number density;, and number flux density
space[4]. This implies a uniform charge density within the i.). Thus, we replacex; by the electrochemical potential
bulk of the electrolyte. Indeed, about half of the voltage drod‘ﬁ#ﬁeZV, whereV is the electrical potential. The local

AV across the electrolyte is due to this charge, over an , . .
above the voltage drog due to resistive effecgts We haveate of heating per unit volume, as_usual, is the sum of prod-
recently observed a quadratic voltage profBé ' ucts of fluxes times thermodynamic forces. Here, the fluxes

It is also usually assumed that the Joule heating resistanc,a_ere théji,’s 'e;nd the thermodynamic forces are rt}he?ﬁli
R,, determined from the total rate of Joule heatifgf the ~ — (€4Ei)’s. For our two-component system we then have
electrolyte viaR;="/12, is the same as the Ohmic resistance

R, determined fronR=AV/I. In the present work we show I/ R P = JE, NEINES
that, in general, one should expect tRat“R, and we dem- P=—lig e =i s~ R
onstrate this explicitly for two types of voltaic cells. This 1)
difference has significant consequences because it means ~ . ~

that, in energy accounting associated with voltaic cells, one ri=pitezV, Ji=ezj;, Ei=-dnuez.

can make serious errors in estimating the rate of heat pro-
duction by using the Ohmic resistanRe Note thatR/R; can  Hereao; is the electrical conductivity. In takingj~ o E; , we
be either greater than or less than unity, so that one can botfeglect cross coupling.e., a nonzerd, does not cause a
overestimate or underestimate the rate of heating by Wing J,, and vice versa
Although R; must be positiveR can have either sigf6].

For a charging or discharging voltaic cell, the electrolyte
has time-dependent carrier densities. This is because the ONIC FLUX FOR SLOW, STEADY DISCHARGE
electrochemipal reactions at the electrode-electrolyte inter- \ye will apply Eq. (1) explicitly to two systems in the
faces cause ion fI_ux to or from the electrodes. Therefore thg ow, steady discharge regime: the lead-acid cell and the
energy conservation argument that equates the total rate g, ~, cojl First, however, we will need the partial electric
Joule heatingP to the rate of decrease of electrical energy is rrent densities], andJ
inappropriate because it neglects changes in chemical e Mesds 2 .
ergy. Note that the chemical energy in the cell dominates the. In Ref. [4] we argugd that, under slow, steady dlscha'rge,
electrical energy and the Joule heating, and to include th If.f.USIOH has.enough_ time to nearly even out any nonunifor-
full electrochemical reaction one must also include the propMities associated with molecules being consumed or pro-
erties of the electrode. This is unnecessary for the calculatiouced at the electrodes. Hence the electrolyte is depleted at a

of P, which is a property only of the electrolyte. uniform rate throughout the system: for tilh molecule,
d¢n; is constant in space. We now use this in the continuity
RATE OF JOULE HEATING equation for théth molecule, with no chemical reactions,

Having established that one should exp&st R, and

since it is already known thaR=AV/l involves only a 0=+ dxn;- @
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FIG. 1. Chemical reactions at the Pb and Rlx@erfaces for a x=0 x=d

well-charged lead-acid cell. Both reactions produce PhS@th FIG. 2. lonic fluxes within the well-charged lead-acid cell under
consumption of the ions constituting,$10, and production of KO. slow, steady discharge. Both electrodes consume AS@s.

Sincedn; is constant in space, E(R) implies that the slope Integrating over the areA and overx from O tod, the
of the associated ionic flux is constant in space. Since thgyio rate of heating is

ionic fluxes are known at the electrodéseing determined
by the electrochemical reactions at the electripydeesch ionic ( 13 1 ) e2I2d( 13 1 )

flux within the electrolyte is determined by drawing a P= pdV=e2Aj§d A

straight line between its values at the electrodes. 3oy 305

3oy 3og

THE LEAD-ACID CELL Equating Eq(6) to I°R; yields

Consider a well-charged lead-acid cell whose Pb elec-
trode is atx=0 and whose PbS{electrode is ak=d, as in =
Fig. 1. In applying Eq(1), we let species number 1 corre- A
spond to H (H, for shor) and species number 2 correspond
to HSQ,™ (S, for shor, so thato,=oy, oy=0g, ;=24 BY Ea. (3), (13/12)+(0/1205)~(13/12)+(Dy/12Dy)
=1, and z,=z¢= —1. The diffusion coefficients take on ~1.68; recall thahy~ns.

:ezd( 13 1 )=e2 d (13 oy

(THA

the values D,=9.3x10 Scn?/sec, and D¢=1.3 To obtainR, note that Ref[3] finds the voltage profile
% 10~ % cm?/sec[3]. The conductivities can then be obtained _
via the Einstein relations, expressed as V(X)—V(0)=— F_JlOJ:?:_l
ezD, 1 du kgT s A
Fi= o ez n “en (3) " 1 1 2+(—+ixd. ®

Note that, on averagey=ng (so Fg~Fy) although there

will be small gradients proportional to the currdni4]. It is plotted in Fig. 4; note the minimum. From E@), we
The chemical reactions at the electrodes impose boundabtain the Ohmic resistance

conditions on the Hl and HSQ™ ionic fluxes. From Fig. 1

we can determine these boundary conditions, and then, by |AV|  |V(d)—V(0)| 1 d
the linear interpolation argument given above, the ionic flux - | T FolFy+1 oA’ ©
profiles. We hav¢4]
or
. . X . . X
JHX)=]o 1+Za , ]S(X)ZIO(_1+26)- 4 q
R==1. T=0y+0s(Du/Dy). (10)

(See Fig. 2. Note that the total current density=ejy
—ejg=e2jg is constant in space, and thiat JA=2ejoA.

—-1__
Placing Eqg.(4) in Eq. (1), the local rate of heating becomes Note that £s/Fs+1)""~0.5.

2 2 20
G
P oy Og 16 Normalized dissipation rate
12
e’ja X x\2] €%} X x\2
=—22|1+4a[ 2|+ 5] |+ —|1-4|=]+4]=] |. 8
(0T d d Og d d

4
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We plot this in Fig. 3, in units oiezjg/oH. Clearly, it is
nonuniform, unlike the rate of heating in a uniform wire with  FIG. 3. Profile of the dissipation rate, in units efj3/ o, as-
only a single charge-carrier. sociated with the lead-acid cell under slow, steady discharge.
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FIG. 4. Normalized voltage profile associated with the well-
charged lead-acid cell under slow, steady discharge.

A comparison of Egs(7) and(10) yields thatR;~ 3.4R.

JOULE HEATING RATE NEED NOT EQUALI?R, ...
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given in Eq.(11). There are also four equations to determine
E and the three ionic densities. One is Gauss’s Law in one
dimension,

477k 47k
IxE=——p=——(28)(Nzn+ Ny~ Ng). (14
Here k= (4meg) ~1~9.0x 10° N-m?C? in S| units, andk
~78 is the relative electric permeability of the water solu-
tion. The other three equations are the constitutive relations,

equivalent taJ;= oE;, given by
Zej)cu: O-CUE_ 2e DCUV_) ncu,

2€]j,n=07,E— 2D,V Ny, (15)

As indicated from general arguments, the Joule resistance

differs from the Ohmic resistance.

THE Zn-Cu CELL

Now consider a system with Zn and Cu electrodes and
dilute electrolyte that includes both Zng@nd CuSQ. The
electrolyte contains Cti, Zn*", and SQ?" ions, subject to
the constraint that the number of $O ions (denoted $
equals the sum of the €l and Zrf* ions. The diffusion
constants take the value®c,=0.72<10 °cné/sec, Dy,
=0.71x 10" ° cn/sec, andDso,=1.065x 10 ° cn/sec(3].

Note thatDc,~D,. The concentrations of Gli and Zrf*
typically differ. Hence,o ¢, and o, differ, as doF¢, and
an.

The Zn goes into solution as Zhwith flux j,, deposit-
ing two electrons on the Zn electrode, taken to be&=ao.
The C#* goes out of solution as Cu with flux, absorbing
two electrons from the Cu electrode, taken to b&-=ad. In
steady state, the SO does not flow to or from either elec-

—28]752 Usé+2eDsﬁns.

These equations are solved by taking #hderivative of
g. (14), and then using Eq15) to eliminate the unknown
ensity gradients in terms of the known fluxes and the un-
known electric field. This leads to

8wke

K

jZn_j_S)
DZn DS’

where the Debye-Htkel screening length is given by
Ozn  Os

+ ==
( Dzn DS)

In general X ~?=(4wk/k)2(0o;/D;).

To solve Eq.(16), let us assume thai)z(E:O. (This is
equivalent to assuming zero gradient for the net charge den-
sity.) Then

qu
DCu

(16)

Ocu

DCu

1 4wk
e

17

K

trode. From the discussion above, for slow, steady discharge

the fluxes at all positions are determined by drawing a

straight line between their values at the electrodes:

|

With all valenceg; set to magnitude 2 in Edq1), integrating
Eq. (11) over the voltaic cell gives for the total rate of Joule
heating

1X
d

X

jZn:jO( qu:joa: js=0. (11

P= IZd: ! ! I=2ejoA 12

By P=12R;, this leads to
d (1 1 13
RJ 3_ :J_i_; . ( )

Note that the SE¥~ do not contribute tdR;, since they

jcu/Deutjza/Dzn—js/Ds
O-CU/DCU+ O'Zn/DZn+ O-S/DS.

E=2e (18
In general E=¢e(3;zj;/D;)/(2;0;/Dy).

Since, by Eq(11), the ionic fluxes vary linearly in space
(or are zer, Eq.(18) gives arE that, at most, varies linearly
in space, consistent with the assumption ﬁiﬁzo. Explic-
itly substituting Eq.(11) into Eqg. (18), and settingD¢,
~Dgz,, we find that

2ejop  _
~ = o=0cytozntog(D2y/Dyg). (29
This is constant in space, so
2edjj
AV~Ed= ——. (20)

From Egs.(20) and(12), the Ohmic resistancR=AV/I is

carry no current. Nevertheless, they affect the system’s elec-

trical properties, and therefore they contribute to the Ohmic

resistancdR=AV/I. This is because there is an electric field

within the cell, and that field is affected by the sulfate ion.

We now determine that electric field and the associat¥d
There are seven unknowng, three ionic fluxes, and

d

R=ZA"

0=0cyt oznt oDz, /Dy). (21
A comparison with Eq(13) shows thaR+# R;. Note thatR,
is independent of the sulfate ion concentratioyy whereas

three ionic densities. Three equations for the ionic fluxes ar&® depends upong. Also note that, as usually assumed with-
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out proof,E is uniform in spacdin contrast to the case for ions, current-carrying or not. This is because the rate of Joule

the lead-acid cell NeverthelessR;# R. heating, and thuR;, involves the squares of the ionic cur-
Equations(15) and (18) can be employed to obtain the rents, whereas the voltage across the electrolyte, andRhus

ionic density gradients. One can then verify explicitly thatinvolves the electric field, to whichll ions contribute.

Eq. (18) and these ionic density gradients give zero gradient As a check, note the following. If both ionic currents were

of the total charge density. If the Cu and Zn diffusion con-yniform, by the continuity equation their densities would be

stants are not set equal to one another, then there is & smagfiform, so there would be no diffusion terms driving the

linear variation inE, and henceby Gauss's Lawa small  jonic currents. Hence, the ionic currents would be driven

unlfobrrr:kchk?rge ddensn'){ in the bu”I(I. g\s d;sctutshsedlln :Rég bonly by the electric field, which would be uniform. Thén

any bulk charge density is cancelled out at the electrodes _ _ _ _

the charge associated with the surfad&urface solutions %\c]i;o\_AUEl\'/T" where (.T_t(;ﬁgbz’ S0 R_fAd\;{l ‘.E‘i’.Z/EA

are also known as solutions to the homogeneous, or source- 02' oreoviré n the az sence ot diiusio; |1 0%

free equations, obtained from E@.6) with the ionic current —¢1E° and e%i/oy=0yE% so P=Ad(o,+0ar)E

densities set to zerb. =AdoE?=(d/gA)I?, from whichR;=d/cA. Hence, when
the current densities are uniform across the voltaic &l
SUMMARY AND DISCUSSION =R. This relation also holds when there is a single charge

carrier, such as: electrons in a wire, CCuons in a Cu-Cu

We have shown, with two specific examples, that forcell with CuSQ electrolyte, driven by an external power
slow, steady discharge of a voltaic cell, the Joule resistancsource; or Li ions in many modern voltaic cells, where Li is
R,="P/1? is different than the Ohmic resistanée=AV/I. in different chemical combinations on the two electrodes,
The reason for the breakdown of the usual argumenRfor and the electrolyte contains an ionized lithium salt. Extend-
=R (that the loss in electrical potential energy should equalng beyond the steady-state considerations of the present
the rate of Joule heatings that, because of ion flow, the work, the dynamical response of multiple-charge-carrier sys-
ionic number densities are changing. Note tRatinvolves  tems can also be expected to yield different values for the
only the current-carrying ions, whereRsinvolvesall of the  Joule and Ohmic resistances.
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